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ABSTRACT

An eigenvalue method is presented for solving the transient heat conduction problem with time-dependent
or time-independent boundary conditions. The spatial domain is divided into finite elements and at each
finite element node, a closed-form expression for the temperature as a function of time can be obtained.
Three test problems which have exact solutions were solved in order to examine the merits of the eigenvalue
method. It was found that this method yields accurate results even with a coarse mesh. It provides exact
solution in the time domain and therefore has none of the time-step restrictions of the conventional
numerical techniques. The temperature field at any given time can be obtained directly from the initial
condition and no time-marching is necessary. For problems where the steady-state solution is known, only
a few dominant eigenvalues and their corresponding eigenvectors need to be computed. These features
lead to great savings in computation time, especially for problems with long time duration. Furthermore,
the availability of the closed form expressions for the temperature field makes the present method very
attractive for coupled problems such as solid—fluid and thermal-structure interactions.

KEY WORDS Transient heat conduction Eigenvalue method Finite element method

NOMENCLATURE

4,4, defined by (10) and (13)

[4),a;,a2 thermal stiffness matrix or tensor

a;,al® vector of nodal heat load resulting from specified nodal temperature

[Bl,b;;, b  capacitance matrix or tensor

b;, b{® vector of nodal heat load resulting from specified time derivative of nodal
temperature

[C),c;j,ci?  boundary convection/radiation matrix or tensor

N il vector of boundary nodal heat load resulting from specified boundary nodal
temperature )

c® normalized constants, defined by (29)

c specific heat

d, defined by (38), dependent on g; and ¢,

E defined by (8)

E, defined by (12) and (17)

e, defined by (39), dependent on b;
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F local heat flux defined by (4)

F,, ambient radiation flux defined by (6)

f element interpolation function

¥ boundary interpolation function

h convective heat transfer coefficient, defined by (5)
h, radiative heat transfer coefficient, defined by (6)
k thermal conductivity

M total number of finite elements

M,, M4, M, numberofboundaryelements of the second, third and radiation kinds, respectively
n outward normal to Q

Ps principal coordinates, defined by (30)

0,01  defined by (18), (23)

q; generalized coordinates, defined by (14) and (19)
g; dg;/dt

R defined by (9) and (16)

T temperature

t time

w internal heat generation rate per unit volume

X, spatial coordinates

[Y1, yis eigenvector matrix defined by (30)

Greek symbols

o defined by (36)

B defined by (37)

A triangular area

0 T-T,

) trial surface temperature for iteration in linearized computation of radiative
boundary condition

A eigenvalues

p density

P normalized eigenvectors

I, defined by (32), dependent on Q;

r boundary

Q domain

Subscripts

g,h denote condition at known node

i generalized coordinate index

Lm denote condition at unknown node

s eigenmode index

0 initial condition

@ ambient condition

Superscripts

(e) finite element index

(es) boundary element index

(s) eigenmode index

INTRODUCTION

In conventional finite difference and finite element methods for solving transient heat conduction
problems, the time derivative is usually replaced by finite differences and the time-dependent
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temperature field is obtained by using a step-by-step time-marching scheme. It is well known
that the time step in the explicit schemes is severely restricted due to stability considerations,
and the implicit schemes involve solving matrix systems and may lead to oscillatory results if
the time steps are large. When the temperature field with long time duration is needed, the
amount of computation required is considerable. For both explicit and implicit schemes, the
time and spatial increments must be chosen with care and these increments are usually quite
small to avoid stability and oscillations problems.

A number of numerical techniques have been used to reduce the transient heat conduction
equation to a system of ordinary differential equations by discretization in the spatial variables®,
The discretizations can be finite element approximations (Galerkin and collocation) or finite
difference approximations (method of lines). These techniques are then used in conjunction with
a time-step ordinary differential equation integrator.

Another method to solve the transient heat conduction equation is to transform the differentiat
equation to an eigenvalue problem. The key feature of this approach is to express the time-
dependent temperature field in a linear combination of expressions which have exponential
time dependence. It can be shown that the expansion in time is exact and no errors involving
time are introduced. The eigenvalue method has been used by researchers in structural mechanics?
but has received little attention in the heat transfer community. Zhong presented a variational
method for solving transient heat conduction problems?® in which an approximate closed-form
analytical solution is available. An eigenvalue method in finite difference scheme was applied
to the transient heat conduction by Shih and Skladany*. Landry and Kaplan® performed a
comparison of the computer time required for the eigenvalue method and the conventional
methods. They pointed out that the eigenvalue method requires a large amount of computer
time when the number of spatial meshes is large. Haji-Sheikh et al.57 presented an analytical
solution of the transient heat conduction equation in which the Galerkin method was used to
calculate the eigenvalues but their form of solution was rather complicated because normalized
eigenvectors were not used.

The present work extends the analytical procedure used? to solve the transient heat conduction
problems using the finite element scheme. An analytical solution for the temperature at each
finite element node is derived. Since the discrete analytical solution is given in closed form, it is
convenient to extend the present method to treat fluid-solid and thermal-structure interaction
problems.

To test the validity of the present method, three test examples which possess exact solutions
are solved. The major portion of the computation time is used to compute the values of eigenvalues
and their corresponding eigenvectors. These eigenvalues and eigenvectors are calculated
numerically using readily available library eigensystem routines.

VARIATIONAL WEAK FORMULATION AND LAGRANGIAN EQUATION

Consider the problem of transient heat conduction governed by:

%(k;i>+w=pc% in Q (1)
The initial condition is:
0(x,,0)=04(x,) in Q (2)
and the boundary conditions are
0(x,,t)=0,(x,,t) in T, 3)
k% (x5 t)=F(x,,1) on T, 4)

© Emerald Backfiles 2007



246 JIAKANG ZHONG ET AL.
a0
ka—(x,, H=—h(0-0,) on I, (5)
n

kZ—z— (xat)=—h[4(0+ To)—3(0+ Ty)1+F,,

h,=ea(f+T,)? on I, (6)
Frcc =86(6w + T0)4

Here W, k, p and c are functions of position only, and I'=XT, is the surface bounding the closed
region Q; 0=T—T, where T, is the initial uniform temperature or an arbitrary reference
temperature; § is the trial surface temperature for iteration in linearized computation of the
radiative boundary condition; ¢ is the emissivity and ¢ is the Stefan-Boltzmann constant.

Multiplying (1) by the variation of 8 and integrating over the spatial domain Q, one can
obtain the variational formulation of the transient heat conduction equation®-2;

SE+6R=0A (7
where

2

E=J [%k<ﬂ> —WB]dQ ®)
Q i)xd !

6R=J pc@&)dﬂ )

q Ot
5A=J k@zSBdI‘ (10)

r an

If we introduce the boundary conditions (3) to (6) into (7), the variational formulation can
be written as:

SE+0R+6E,=0A,, (11)
where
5Ew=J (4h,+h)666dI" (12)
| SR
5AW=J (F+110m+3h,9--—h,To+Fm)59 dr (13)
LR N WA

We shall now construct the temperature field by means of a set n generalized coordinates
q;(), that is:

8=0(q;,x,) i=1,2,...,n (14)
Using the generalized coordinates g;, the variational formulation (11) leads to the Lagrangian
equation:
d(E+E,) OR
WEHE) R g, (15)
9q; 04;

where §,=dgq,/dt and

00\?
R=| ipcl =) dQ 16
Iﬂzpc(az) (16)
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E,,:J 1(4h, +h)0*dT" (17)
1‘3,1‘4

Q,=f (F+h0m+3h,0'—h,To+F,m)ﬁdI" (18)
) 7% P oq;

DISCRETE FINITE ELEMENT CLOSED-FORM SOLUTION

The region Q is divided into M elements and with N nodes. The discretization of the temperature
field 8(x,,t) is carried out in terms of the generalized coordinates g;(t) using the finite element
scheme.

Suppose that the local approximation for 8 in an element is expressed by:

0(e)=fg(e)6(ge)+ﬁ(e)q;e) (19)
g=1""aG; I=1,-..,L

where £©(x,) is the local position function which is defined to have the value of unity at node
I and zero at all the other nodes in a local element Q,; the generalized coordinate ¢{® represents
the unknown value of # at node [; and 05(,“’ is the known temperature at node g. L is the number
of unknown nodes in an element and G 1s the number of nodes at which the value of 0 is given.
Throughout this paper, the unknown node is denoted by subscript ! or m and the known node
by g or h.

By inserting (19) into (8), (16), (17) and (18), the local functions E®, R®, E& and Q{*? in
terms of the generalized coordinates g\ can be obtained. The global functions E, R, E,, and Q;
can be evaluated by summing the contributions from the individual elements (see Appendix A
for details)

M
E= ) E9=3a;q4;+ag,+a, 20)
e=1
M
R= ) R©=1b;4:4;+big;+b, 21)
e=1
MM,
E,= Y E®=jcqq;+cqi+co (22)
es=1
M, M3 .My
Qi= ), QiAf (23)
es=1

where A is the Boolean matrix, that is:

1 I=i
A RES 24
. {0 15i @)
By substituting (20) to (23) into (15), we obtain the following system of ordinary differential
equations:
(aij+cij)a;+bia;= fi (25)
where
Si=Qi—a;—b;—¢; (26)
We seek a solution in the form:
qj=¢je—h 27)
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Direct substitution of the above form into the homogeneous part of (25) leads to:
(a,-,-+c,-_,—).b,-j)¢j=0 (28)

which is a generalized eigenvalue problem. If there are n generalized coordinates g; (i=1,2,...,n)
in the system, there will be n eigenvalues A(s=1,2,...,n) with n corresponding eigenvectors
¢{. The matrices [A+ CJ=(a;;+¢;;),x, and [B]=(b;;),«, are both positive definite, therefore
the eigenvalues A, are all real and positive.

Tl(l? geileral solution to the homogeneous part of (25) can be expressed as a linear combination
of ¢ e,

n

gi= 3 e @)

s=1

where ¢® (s=1,2,...,n) are arbitrary constants which will be determined later through
normalization of the eigenvectors ¢{®.

To find a closed-form solution to (25), we introduce the principal coordinates p, (s=1,2,...,n),
which is defined by:

{a}=[Y1{p} (30)

where [Y]=(yi,)x» and (y;,)=c“¢{.
The Lagrangian equations (15) can be written in the following form:

E+E OR
BE+E,) ,

=T (31)
ops b,
where
n= . c9Q; (32)
i=1
Using the following orthogonal relations,
(c9PNT[A+ CI{c"¢p*"} =0, r#s (33a)
{c(s)¢(s)}T[B]{c(r)¢(r)} —_ 0, r#s (33b)
the functions E, E,,, and R can be written in terms of the principal coordinates:
E+E,=%Y ap?+ Y dp,+ao+co (34)
s=1 s=1
R':% Z sti’sz'*' Z esps+b0 (35)
s=1 s=1
where
a,={cPWIT[A4 + C}{cWp*'} (36)
B, ={c¢}T[B1{c“¢"¥} (37)
do=3, (a;+¢;)cVp (38)
i=1
e;= ), bic¥¢P (39)
i=1
&= A5, (40)
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By substituting (34) and (35) into (31), we have
ops+ Bps=m,—d;—e; @n
We can choose as normalization by setting:
B:=1 (42)
and the solution of (41) is:

t
pi(t)=e~2¢ "°’U (r,—d,—e,) e dt + P;(to)] (43)
fo
where p.(t,) is the initial value of the principal coordinate p,. A similar form of (43) is given
in Reference 3 except that (43) is directly applicable when the spatial domain is discretized by
finite element approximations.
If (n,—d,—e,) is constant, i.e., the boundary conditions are independent of time, (43) can be
integrated to give:

P,(t)= ns—;is—es (l_e—A,(x—to))+ps(to) e—l,(t-m)’ }_s__ﬁo (44)
Ps(t)‘:(“:_ds_es)(l"to)’*'l’s(to), )"s=0 (45)
The initial values of p, in (43) can be determined from (30) by using the initial value of g,(z,),
that is:
{p(to)} =LY1"*{q(t0)} (46)
where [Y] ™! can be calculated by following?:
[YI7'=[Y]'[B] B.=1 @7

From the above, we can see that the major computational effort for the eigenvalue method
involves the calculation of the eigenvalues and the corresponding eigenvectors based on (28).
The eigenvalues and eigenvectors can be obtained analytically if n is small. For large n, they
can be carried out using EISPACK?® or other library routines.

Once the eigenvalues and eigenvectors are known, the temperature field at any given time
can be obtained in closed form through (30) and (43). It is important to note that for a given
geometry, the eigenvalues and eigenvectors need to be solved only once for the entire time
domain except when the convective or radiative heat transfer coefficients are time-dependent or
temperature-dependent.

COMPUTATIONAL EXAMPLES

Square domain with mixed boundary conditions

In order to assess the accuracy of the eigenvalue method, we first consider a square domain
with mixed boundary conditions as shown in Figure 1. The governing equation is:

o*6 0*6 a6

= 48
¢3x2+6y2 ot (48)

with boundary conditions
000,y,0)=1, 08(1,y,t)=0 49)

@(x,(),t)=0, %(x,l,t)=0
dy dy
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26/3y =0
(1,0 (1, 1)

AN

©,0 202y = 0 (1,0)

Figure 1 Square domain with mixed boundary conditions

and initial condition

0(x,y,0)=0 (50)
The exact solution is'®:
o (1) )
H(X,,V,t)=1—-x+z Y (——)e'"z""sm(l—x)nn (51)
Tp=1 n

Numerical solutions were obtained by using 50 linear triangular elements with 36 nodes
(Figure I) and 200 linear triangular elements with 121 nodes. The temperatures at locations 1
and 2 shown in Figure 1 are presented in Table 1 where they are compared with the exact
solution. It can be seen that the agreement is excellent and the errors decrease as time increases.
The error is larger at smaller times due to the initial step increase in temperature at the boundary.
In addition, the accuracy of the numerical solutions using the coarser grid is comparable to that
of the finer grid.

The results given in Table 1 are calculated when the full set of eigenvalue and eigenvectors
were used. For the coarser grid, there are 24 eigenvalues and eigenvectors, whereas for the finer
grid, there are 99. Since the computation of a partial set of eigenvalues and eigenvectors takes
much less computer time than the full set, we look into the numerical results based on two
partial sets. The first set, called the direct set, groups eigenvalues and eigenvectors based on the
magnitude of the eigenvalues starting with the smallest eigenvalue. The second set, called the

Table I Comparison between present method (50 and 200 elements) and exact solution (example 1, mixed boundary

condition)
q1 q2
Time Exact 50E 200E Exact S0E 200E
0.1 0.6605 0.6662 0.6581 0.0605 0.0719 0.0677
0.2 0.7480 0.7529 0.7498 0.1480 0.1528 0.1497
0.3 0.7806 0.7830 0.7821 0.1806 0.1830 0.1818
04 0.7928 0.7939 0.7940 0.1928 0.1939 0.1937
0.5 0.7973 0.7978 0.7984 0.1973 0.1978 0.1981
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decomposed set, groups the contributions to the numerical result by separating terms with or
without the exponential time dependence.

Direct set: When the boundary condition is independent of time, the contribution of each
eigenmode to the temperature at node i is given by combining (30) and (44),

4= 3. (PP~ by )1~V (52)
j=1

The cumulative contribution of the eigenmodes to the temperatures at locations 1 and 2 are
plotted versus the number of eigenmodes in Figure 2 for the case of 50 elements with 24 generalized
coordinates and in Figure 3 for the case of 200 elements with 99 generalized coordinates. It can
be seen that in order to have reasonably accurate numerical results, approximately half of the
eigenmodes are needed for both cases.

Decomposed set: The solution given by (30) and (44) can be written as:

n

a=qf— Y, HO(t) (53)
s=1
where
- ns_ds_es
gt=), VP = (54)
s=1 Ag
and
—d —
HP ()= e 63)

'S

In (53), gf is in effect the steady-state solution, and H{(t) are the unsteady mode terms. The
values for H® are listed in Table 2 and their cumulative contribution to the temperatures at
locations 1 and 2 are also shown. It is clear that 3 or less eigenmodes are needed if the steady-state
solution g} is known a priori. If gf is not known, rather than determining it through (54), it is
easier to solve (25) by dropping the time-dependent term.

The temperature at each node can be written in the form of (53). For example, the temperatures
at locations 1 and 2 can be expressed as follows:

1.0 5 « 10
; 0.9 q,.t=0. . ; qy .1=05
& 08+ .‘3 0.8
% 0.7 e 1
S os] t=0.1 2 081 0.1
£ 097 Q. t=0 § q; .t=0.
g 051 }
L2 04: - % 0.4 q =05
® W ) 1=0.
1 ,t=05 [ 2
g 037 % E 02
2 o024 H3 {
! L
-3 0.1 -4 0.0 -
£ 001 g, t=0.1 E ] q, ,t=01
F ot -0.2 T T T T l T v T v
0 2 4 6 8 1012 14 16 18 20 22 24 0 20 40 60 80 100
Elgen-modes, s Eigen-modes, s

Figure 2 Cumulatfve contribution of eigenmodes to tem-  Figure 3 Cumulative contribution of eigenmodes to tem-
peratures at locations 1 and 2—50 elements with 24 peratures at locations 1 and 2—200 elements with 99
generalized coordinates generalized coordinates
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Table 2 Values of eigenmodes and their contribution to ihe temperatures at locations 1 and 2 (example 1)

t=0.1 t=0.5
s A, HY 4 HY qz2 HP q1 HY qz2
24 generalized coordinates
1 10.19 0.1305 0.6695 0.1308 0.0692 0.0022 0.7978 0.0022 0.1978
2 21.75 0.0004 0.6691 0.0003 0.0689 0.0000 0.7978 0.0000 0.1978
3 44.77 0.0029 0.6662 —0.0030 0.0719
4 57.73 0.0000 0.6662 0.0000 0.0719
99 generalized coordinates
1 9.93 0.1377 0.6632 0.1379 0.0628 0.0026 0.7984 0.0026 0.1981
2 20.21 0.0001 0.6631 0.0001 0.0627 0.0000 0.7984 0.0000 0.1981
3 40.77 0.0049 0.6581 —0.0050 0.0677
4 51.27 0.0000 0.6581 0.0000 0.0677
With 50 elements
0,(t)=0.8—0.3617¢~10-19—0,00374 ¢~ 2175t — (2561 ¢~ 477" (562)
0,(t)=0.2—0.3626 ¢~ 1919 —0.00265 ¢~ 2175 +.0.2664 ¢ ~44-77" (56b)
With 200 elements
0,()=0.8-0.3718 e~ 993.0.00112e20-21*_(,2907 ¢~ 40-77 (57a)
0,(t)=0.2—-0.3721 e~ 293 _0.00103¢720-211.4.0,2945¢~40-77 (57b)

when 0.1<¢<0.5. When £>0.5, only the first unsteady term needs to be included.

Long-time solution with time-dependent boundary conditions

The long-time solution with time-dependent boundary conditions will be considered for a
one-dimensional plane wall with constant properties k, p, and c. The ambient temperature on
the left-hand side is a time-dependent periodic function and the ambient temperature on the
right-hand side is kept constant as shown in Figure 4.

For large time, the exact solution of the surface temperature 8, at the right-hand side is:

Asin(@F,)—0,, 1 © [B?+(A,L)?*sin(2,L)[(A.L)? cos(@F)+@sin(@F )]

0,=0, .+ —A®
L 2+B; °Z, (A L)(ALY* +2B;+ BAAL(A,L)* +37]
(38)
where
k hL w
Fo=——t, B;=— D=
°7 pel? k @ kfpcL?
and (L) are the positive roots of:
2B,(A, L
tan(4,L)= L) (59)

(L) —B}

We have solved this problem using two and eight one-dimensional linear elements. However,
to illustrate the eigenvalue method, we will only give the details for the case of two linear elements
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k28 20 L
k ax x=C L k OX |x=L
B T = 500 K
= h (Ba1- e)lx.o - 8=0 == (8- e)l,(_L 0= 30
' £=03 €,=0.3
8o1= Asinot 1 +L/224 3 OoL= CONSL. T.=0K]|" 2] T,=0K
—ay

Figure 4 One-dimensional plate with a time-dependent Figure 5 One-dimensional plate with radiative boundary
boundary condition condition

with three nodes. The matrices [A], [B], [C] and @, are given as follows:

1 -1 0 1 30 h 0 0
[A]=| —1 2 -1 gLE [B]=|% 2 % % [Cl=|0 0 O (60)
0 -1 1 0 3 1 0 0 h
0,=h8, ,=hAsinwt 0,=0 Q3=h0, (61)
The solution of the generalized eigenvalue problem, (28) yields the following eigenvalues and
eigenvectors
2,=2.6709k/pcL? 2,=21.7330k/pcL? A3=158.3065k/pcL? (62)
—0.8190 1.734 1.8246
{pM}=| —1.1707 {¢¥}=| —1.6216 {P}=| —1.6216 63)
—0.8190 1.8246 1.8246

Here the eigenvectors were normalized, that is:
c®=(1/pcL)!?  5=1,2,3 (64)
Since there are no known boundary nodes in the problem, d; as defined by (38) and e, as
defined by (39) are both zero. The =, are given by substituting (61) into (32)
n,=c¢OhAsinwt +cOP$h0, . (65)

Assuming the initial temperature 8, is zero, it follows that g,(0)=0 and p,(0)=0. The solution
of the temperature field can be obtained using (30) and (43):

2 ) ) ) (1—e™)

(1) =c9PPhA ——=_{ sinwt——cos wt+—e“")+c"’ $nl, , —— 66

p ( ) ¢l (D2+).,52( As }.s ¢3 L 3 ( )
3

a(t)= Y, oPpft) i=1,23 (67)
s=1

The temperature at the right boundary (node 3) can be written as:
3 7 3 -
0,=¢q =Bi[A[sin @F, P69 ——— —cos @F, Py +
L 3 Osgl(ﬁl ¢3 @2_*_}3 Osgxqsl ¢3 (Dz+z?

@ 3 e @ 3 1—e~%fo
gt Lot o, 3 o 2

-2
s w s s=1 vs

3
Y, 999
s=1
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Table 3 Comparison between present method and exact long-time solution (time-dependent boundary conditions)

0,/4
Present method Exact
solution
Cycle t 0,.4/4 Two elements Eight elements
1 0 0.00 0.0000 0.0000
6 1.00 —0.5210 —0.5170
12 0.00 —0.5245 —0.5311
18 -1.00 —0.8204 —0.8196
2 24 0.00 —0.9053 —0.8962
30 1.00 —0.6244 —0.6244
36 0.00 —0.5421 —0.5510
42 —1.00 -0.8234 —0.8233
3 48 0.00 —0.9058 —0.8968
54 1.00 —0.6245 —0.6246
60 0.00 —0.5421 —0.5510
66 —1.00 —0.8234 —0.8233
4 72 0.00 —0.9058 —0.8968 ~—0.8963
78 1.00 —0.6245 —-0.6246 ~0.6247
84 0.00 —0.5921 —0.5510 —0.5517
90 —1.00 —0.8234 —0.8233 ~0.8233
where
k
T=4]— (69)
pcL

Table 3 gives a comparison between the present method using two and eight elements and
the long-time exact solution (58) for the case of k/pcL?=0.1107 (h) !, o=n/12 (h) "1, 0, /A= —1
and B;=1.622. Good agreement with the exact long-time solution is achieved after the third cycle.

Example with radiative boundary conditon

As a final example, we consider a simple one-dimensional problem with radiative boundary
conditions on both sides as shown in Figure 5. A single linear element is chosen and the matrices
[A], [B], and [C] are given as follows:

[A]=§|:_1 —1] (B =£;5£|:2 1] [C]=4[h,(91) 0] (70)

| 1 6 1 2 0 h(9,)
and the generalized Q, are:
01=h0,)30,-T)  Q=h(0,)30,~T,) (71)
For a plate with very high thermal conductivity, a uniform temperature can be assumed, the
exact solution is:
T 6ea TR\~ 113
_=(1+ 0Ty ) (72)
T pcL

Since only one linear element was used and the two boundary temperatures are the same, the
spatial temperature variation within the solid is ignored. Thus, the numerical solution should
be compared with the lumped capacity solution given by (72). Table 4 describes the iterative
process at t=1h, where k/L=5W/m?.K and pcL=10 W .h/m?.K. The initial condition is given
by the results at the previous time at t=0.9h. It is shown that the convergence is very fast.
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Table 4 Tterative process for radiative boundary condition

255

Iteration

1 2 3
T 387.6186205 380.235582 380.2350751
T; =Ty =T =T,
Ay 0.7924743537 0.7480482081 0.7480452165
A, 8.377423064 8244144628 8244135653
i 0.316227766 0.316227766 0.316227766
P2 0.5477225576 0.5477225577 0.5477225577
cDgih 0.316227766 0.316227766 0.316227766
PP —0.5477225576 —0.5477225577 —0.5477225577
T, 380.235582 380.2350751 380.2350761
T, =T =T =T

Table 5 Comparison of surface temperature between
present method and exact solution (radiative boundary

condition)
t(h) Present method Exact method
0.1 480.44 480.38
0.2 463.61 463.53
03 44891 448.81
04 43591 435.80
0.5 42429 424.18
0.6 413.82 413.70
0.7 404.30 404.19
0.8 395.61 395.50
09 387.62 387.51
1.0 380.24 380.13

The surface temperature obtained by the present method is compared with the exact solution
in Table 5 and they are in excellent agreement.

CONCLUSIONS

A finite-element eigenvalue method was presented for solving transient heat conduction problems.
The major advantage of this method over other conventional numerical methods is that there
is no time-step restriction. When a large number of finite element nodes is needed. Reasonably
accurate results can be obtained by using only a partial set of eigenvalues and eigenvectors,
especially when the problem at hand has a steady-state solution which is known or can be
determined by some other means. A closed-form expression for the temperature field is available
which is very useful for coupled thermal-structure interaction problems. The results obtained
using the present method were in excellent agreement with the exact solutions for three test
problems.

This method can be extended to solve various types of parabolic equations such as the transient
heat conduction problem with phase change, and boundary-layer type equations.
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W

APPENDIX A
The coefficients a;;, a; and a, in (20) are given as follows:
M
= X aiaias (A1)
M
a= 3, aPAf (A2)
e=1
do= Z af (A3)
where
(e) a(e) J* o 01 f(e) af(e) (Ad)
Qe ax, ax,
(&) 5@
age)=|:J‘ ke 2g af af‘ dQ] gée)_J‘ u/(e)ﬁ(e) do (A5)
Qle} axa axa Qle)
(e) ()
aﬁf’:%l:j K =2_ Us” U dQ:l 665 — [ J we e dﬂ] % (A6)
Qe axa 6x, e
The coefficients b;;, b; and b, in (21) are given as follows:
by=b= Z bIAIPAL) (A7)
M
= 3, boAY (A8)
bo= 3. b (A9)
e=1
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and
p=tig= | pocosogan (A10)
Qi)
b;e):“ plc i e dQ] 6@ (A11)
Qle)
by = 12-[ J pOcf fle dQ:I ()ff’éﬁf’ (A12)
[e10}
The coefficients c;;, ¢; and ¢, in (22) are given as follows:

M3, M,
Cij=Ci= Z df.f’AS?"A‘,ﬁ}’ (A13)

es=1

M3 My
o= 3, AR (A14)

es=1
M3, My
co= 2, c¢” (A15)
es=1
where
e =cled =J (4HE2) + e flesiftes 4T (A16)
| IFN A
¢ = [J (A1) 4 HieD) fles) e dr‘] [ (A17)
r.ry
= %[f (4R 4 ReD) fle9 fles) dF] Rl (A18)
e

The contribution to @, by the individual element Q{ given in (23) is:
Q}”’=J (FI) 4 19969 4 339 — BeIT, + FLe) e T (A19)
2,050,

In Appendix B, the coefficients of a{¢). b{&, c&9, af?, b{?, c{*), af, b§, & and Q@ for plane
and axisymmetric linear triangular elements are listed in Tables Bl, B2 and B3.

APPENDIX B

Coefficients of aff), b{?, ¢, al?, b{®), c{*), al), bl &, and Q! for planar and axisymmetric
linear triangular elements

We consider only two-dimensional systems. For axisymmetric systems, the axial and radial
coordinates are x and r, respectively. For planar systems, r is the same as the y coordinate. We
assume the three nodes of a triangular element to be (I,J,K) and for the case of a boundary
element, we choose nodes J and K to be at the boundary. An element can have one, two or three
degrees of freedom corresponding to the number of generalized coordinates in the element. The
coefficients af2, b2, ¢i&d, al?, b{®, i, a§), b§, ¢ and QO are listed in the Tables Bl, B2
and B3. The various functions in these Tables are defined as follows:

k
Alz(éb ém’ s 'Im) = (él'cm +'ll"lm) ) 1_2X (yl +‘)’J + YK)
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B11(ys, Yms Va) = < +7n
V1> Vs ¥ % Tn)

Blz(‘yb +2)’m+yn)

h_sl( ‘Yn)
C2(¥ s ¥n) = —\ Y+ =
(Vms ¥n) 7 \mt 3

hs
C3= —I ()’J +7x)

Vn
Q2(Yms Yn)= ( Ymt 2)

A,
ALY, Yms Va)=—W" o (2715 Y+ 7n)

In the above functions, for axisymmetric problems, y=r which is the radial distance of a node
from the line of symmetry; for planar problems, y=1. The variables &,, 5, for the triangular
element with three nodes I, J, K are given by:

Ei=ry—rx Ey=rg—r; Ex=r1—1,
HNy=Xg—Xy Ny=Xp—Xg Hg=X;—Xg
A= %(51’11—51’71)

si=[x;—xx)*+
h=h+4h,

(ri—rx)*] 1z

h,=eo(0+ T,)®

F=F+h0,+3h0—hTy+Fr,

F, =¢o(0,

+ Tp)*

Table Bl Coefficients of a{?), a?, and af’ for an element with nodes I, J, K

2 freedoms 1 freedom

Coef. 3 freedoms 0, known 0x known 8,,0, known
aff} A28 ) A12(E1, &) A12(C, ) AlZ(f,, $ntint)
aff} A12(¢,,E5m55m5) 0.0 A12(E,.¢5n5.1,)
afx A12(Ex, Exs M1xo 1) Al12(E g, $xs 11xs M) 0.0 0 0
a}’} Al2(€héh"b'll) 0.0 Alz(cbéh"hnl) 0.0
ajid AL2E,, Ex,nra1k) Alz(é,,épm, k) 0.0
afl'} A12(8,,Exa 50 k) 0 0 0.0
af Al(yr, 75 ¥x) Alz(fb &0 m0)8;s AL2(E1, Exa 11 1e)0x A12(¢1, 851111005

+Al(y1, 71, 7x) +ANy1,75,7x) +A12(¢1, Sxo e )0k

+Al(y;, ¥, 7x)
a Al(ys,vx.71) 0.0 A12(E4, 85,150 mx)0x 0.0
+A1(5 Y 71)

a(;) Al(?(a 7[7?1) Alz(f.h élr LI ']K)o.l 0.0 00

+Al(yx, 1 ¥1)
ag) 0.0 Alz(ﬁ)y 61’ N1 "J)g} Alz(gls é(! Ny 'l[)ei Alz(fh 61)"11 ﬂJ)G}

+Al(y5, 72, 71)0s

+AUyr, 11,7400

+2A12($5, &x0 M5, 1x) 050

+A12(Ex, Ex, g Ne)0F
+A1(7.n ¥Yx» 71)0.’
+Alye 710k
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Table B2 Coefficients of b2, b{? and b for a element with nodes I, J and K

2 freedoms 1 freedom

Coeff. 3 freedoms 0, known Oy known 6;,0¢ known

b(fr) B11(y5, ¥5,7x) B11(y5, 75 7x) B11(y;,75,7x) Bli(y,7,,7x)

b$) Bily,, Vrs71) 0.0 BiY(y, 7k, 71) 0.0

bix Bl(yx, 71, 7s) BI1(7.,757,) 0.0 00

by} B12(y4, 71, 7x) 0.0 B12(ys, 74, 7x) 0.0

bi B12(y;, 75, 71) B12(yp, ¥, 7s) 0.0 0.0

bt B12(y;,7x71) 0.0 0.0 0.0

b 0.0 B12(y;,7,,76)0; B12(y;, 75,70 B12(y,, 71, ¥2)0;
+B12(y;,76,7,)0x

by 0.0 0.0 B12(y;, 75, 71)0x 0.0

by 00 B12(y,,7x, 7195 0.0 0.0

b 0.0 B (v 77005 Bl(ye, v, 72)0% BLi(y;, vk, 710}
+2B12(y;, v, 71)9191
+BI11(yx, 75 YJ)9§

Table B3 Coefficients of ¢

{es) cles) &9 and Q! for boundary nodes J and K

1 freedom

Cocefficients 2 freedoms 0, known @y known
YR C22(y,,x) 0.0 C22(y57x)
R C22(yx,vs) C22(yx.71) 0.0
&9 C23 0.0 00
o 0.0 0.0 C230,
% 0.0 C230, 0.0
s 090 C22(7,, )83 CNyx,7,)6%

) Q2(y,,7x) 0.0 Q2(y,,7x)
e Q2(rx71) C22(yg.75) 0.0
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